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To describe adsorption of globular protein molecules in a polyelectrolyte brush we use the strong-stretching
approximation of the Edwards self-consistent field equation, combined with corrections for a non-Gaussian
brush. To describe chemical potentials in this mixture of �globular� species of widely varying sizes �ions, brush
polyelectrolyte segments, globular protein molecules�, we use the Boublik-Mansoori-Carnahan-Starling-Leland
equation of state derived for polydisperse mixtures of spherical particles. The polyelectrolyte chain is described
in this approach as a string of beads with the beads of a size related to the chain diameter. We use the
one-dimensional Poisson equation to describe the electrostatic field and include the ionizable character of both
the brush polyions and the protein molecules. This model explains the experimental observation of high
amounts of protein adsorption in a polyacid brush for pH values above the isoelectric point of the protein as
being due to charge reversal of the protein molecules upon entry in the brush. We find a distinct minimum in
protein concentration near the edge of the brush. With increasing pH this barrier to protein transfer becomes
larger, but much less so when we increase the ionic strength, a difference that might relate to an experimentally
observed difference in the protein release rate in these two cases. A free energy analysis shows that the release
of small ions from the brush and the increase of brush ionization are the two driving forces for protein
adsorption in a like-charged brush.
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I. INTRODUCTION

The globular protein bovine serum albumin �BSA� ad-
sorbs in significant quantities in carboxylic acid brushes
grafted on �100-nm-sized nanoparticles �so-called “spheri-
cal brush particles”�, even for pH values above the isoelec-
tric point of the protein, when both protein and polyion are
negatively charged �1–4�. This phenomenon occurs mainly
for a pH still close to pI and for a sufficiently low ionic
strength.

To describe these experimental findings theoretically, we
recently constructed a spherical box model for annealed
polyelectrolyte that includes adsorption of protein molecules
�5�. In such a box model local charge electroneutrality is
assumed, while all free ends are located at the edge of the
brush. Modifications compared to traditional brush box mod-
els were the inclusion of the volume of brush polyions and
protein molecules in the local electroneutrality balance �ef-
fectively excluding small ions and resulting in an increase of
the chemical potential of the polyions and protein�, as well as
the finite, non-Gaussian, stretching of the polyelectrolyte
chains, incorporated using an overstretching term. Volume
interactions between the polyions were included using Flory-
Huggins theory, while for protein molecules such interac-
tions were described using the Carnahan-Starling equation of
state. However, volume interactions between brush segments
and protein molecules were neglected. In the charge balance
the ionizable character of both the brush and protein mol-
ecules was included �namely, that the charge depends on the
local proton concentration�, while a related chemical term
was added to the chemical potential. Nonelectrostatic �ener-

getic� interactions �hydrophobic, van der Waals, etc.� be-
tween the different species were neglected.

Despite these simplifications, the box model could quali-
tatively describe data for the influence of pH and ionic
strength on the adsorbed amount of protein in the brush,
most strikingly the fact that protein is able to adsorb at a pH
above its own isoelectric point pI, where it is of the same
charge sign as the brush. The explanation of this phenom-
enon is the charge reversal of the protein molecules upon
entering the brush, which, in agreement with the data, is only
possible at a pH not too much above the isoelectric point �for
BSA, pI=5.1� and at sufficiently low ionic strength. It must
be noted, however, that the model is oversensitive to the
influence of pH and ionic strength: whereas in reality adsorp-
tion already starts at pH 7 and gradually increases with de-
creasing pH �1�, in the model a sharp transition is predicted
in a 0.1 pH window around pH 5.6. A similar sharp transi-
tion, not observed, is predicted for the ionic strength.

To improve on the earlier approach we combine several
elements into a more accurate brush model. First of all, in-
stead of making the “box” assumption that all chains have
their free ends at the same distance from the surface, we will
use the strong-stretching limit of the self-consistent field
�Edwards� equation �6–17� and use the corrections required
for a non-Gaussian brush given by Amoskov and Pryamitsyn
�16,17� for finite stretching. Instead of assuming local charge
neutrality, the full Poisson equation is used both inside and
outside the brush. To describe volume interactions between
brush segments, ions, and protein molecules self-
consistently, we use an excess function based on work by
Boublik �18� and Mansoori, Carnahan, Starling, and Leland
�19� �BMCSL� who extend the Carnahan-Starling equation
of state to multicomponent mixtures of �spherical� particles
of unequal size. The BMCSL function self-consistently de-
scribes all volume interactions, between like and unlike spe-*Electronic address: maarten.biesheuvel@wur.nl
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cies alike �brush segments, protein molecules, and the two
types of small ions�. When the different species in the system
have widely different sizes, this may be a very useful and
elegant approach; incorporating these effects in the �lattice-
based� Flory-Huggins formalism is more difficult. It must be
noted that in this approach the correlations between chain
segments because of their connectness are neglected; instead,
the same �mean-field� assumption is made as in Flory-
Huggins theory. The use of the BMCSL function has simi-
larities with some elements from the hard-sphere self-
associating fluid theory �HS-SAFT� for polymer solutions
�see, e.g., Ref. �20��, while Misra and Varanasi �14� use a
similar approach to describe the excess contribution to the
chemical potential of ions. However, the brush segment po-
tential is not influenced by the volume of ions in their ap-
proach.

Related theoretical work is by Simmons et al. �21� who
described the adsorption of polyelectrolyte in the corona of
an oppositely charged diblock copolymer micelle and by
Moskovitz and Srebnik �22� who use a two-dimensional self-
consistent-field model to describe protein adsorption in a
polymer brush, but do not include electrostatic effects �see
also their Refs. �31–40��. A mean-field theory for protein
adsorption in a brush is presented in Ref. �23�, leaving out
electrostatic effects. Some other theoretical work is summa-
rized in Ref. �5�.

Sections II and III are based on analyzing the potentials of
brush segments and protein molecules which at equilibrium
are independent of location. This analysis results in equilib-
rium brush density profiles and protein-adsorbed amounts;
however, it does not give quantitative information on the
magnitude of the different energies involved during protein
adsorption. Such a free energy analysis is presented in the
Appendix.

Note that we will use the terms “polyion,” “brush,” and
“polyelectrolyte” alternatingly to describe the flexible,
grafted, chains. The globular protein molecule that adsorbs in
the brush is assumed to be a rigid �spherical� particle.

II. THEORY

A. Non-Gaussian brush

For a monodisperse brush �all chains of the same length�
and in the strong-stretching limit the Edwards self-consistent
field equation predicts a parabolic dependence of the confor-
mational �stretching, elasticity, etc.� contribution to the po-
tential � as a function of the distance from the grafting in-
terface, x �6–17�. The potential �of a brush segment, an ion,
a protein molecule, etc.� is defined here to contain all pos-
sible contributions �including, for the brush, stretching� and
at equilibrium is constant across the brush. The conforma-
tional contribution �conf increases with x according to

�conf = �0 +
3�2

8k
� x

L
�2

, �1�

where L is the contour length and k the Kuhn length. Note
that throughout this paper all potentials are scaled with the
thermal energy kT. Because for a polyelectrolyte brush with

a high line charge density �relative to the Kuhn length� a
brush extension beyond the contour length is readily pre-
dicted when we use Eq. �1� �especially at low ionic strength
�14��, we will use the higher-order corrections to the para-
bolic, Gaussian, brush given by Amoskov and Pryamitsyn
�16,17�—namely,

�conf = �0 +
1

k
�

i

Vi� x

L
�2i

, �2�

with Vi the prefactors given for the freely jointed chain in
Ref. �16�, Table 1 �starting with V1=3�2 /8 �3.7011; note
that only even powers are required in the summation�. The
polyelectrolyte brush theory by Misra and Varanasi �14� uses
a different finite-extensibility correction �12�, one that ac-
cording to Amoskov and Pryamitsyn �16� is incorrect.

B. Electrostatics

The Poisson equation relates the mean-field electrostatic
potential � to the local charge density � according to

�0 � ��ef f � �� = − � , �3�

where the electrostatic potential � relates to the dimension-
less variable y as y=e� /kT while � incorporates the local
concentrations ci of the various charged species �ions, brush
segments, protein molecules� and their charge Zi.

In Eq. �3� we have included the fact that the local permit-
tivity �ef f may depend on position. This permittivity correc-
tion has an effect on the Poisson equation and results as well
in a polarization contribution to the potential of the different
species �24–26�. In the current calculation, however, the in-
fluence of the permittivity effect is very small because the
brush is either close to charge neutral �interior of the brush,
low ��� or very dilute �outer edge, low ��ef f�. Therefore, to
keep the exercise as simple as possible we will assume a
constant permittivity throughout �namely, that of water, �w�,
after which Eq. �3� results for a one-dimensional, spherical,
geometry in

�2y

�r2 +
2

r

�y

�r
= − �2�

j

Zjcj

2c�

, �4�

where the summation contains protein molecules, brush seg-
ments, and ions and where the Debye length �−1 is defined as

�2 =
2c�e2

�0�wkT
, �5�

with c� the ionic strength defined in a protein-free reservoir
phase �where we will also define pH�. When we describe the
ions as point charges and thus neglect their volume, Eq. �4�
simplifies to

�2y

�r2 +
2

r

�y

�r
= �2��1 − 	�sinh y − �

j

Zjcj

2c�
� , �6�

where the summation now only contains the brush segments
and the protein molecules, and 	 is their summed volume
fraction. The factor “1−	” is due to a correction to the
chemical potential of the pointlike ions due to the volume of
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protein and brush segments, and can be rigorously derived
from the BMCSL formalism for the equation of state of a
multicomponent mixture of hard spheres �18,19� as we show
in Ref. �26�. This approach is also in exact agreement with
the way Biben and Hansen �27� deal with the small ions in
the context of sedimenting charged colloids.

C. Charge regulation

For ionizable polyions and protein, the charge Zi depends
on the local proton concentration and thus on the electro-
static potential y. Note that we only consider proton adsorp-
tion and desorption, and neglect adsorption of other ions,
while we will closely follow earlier literature on this subject
�5,15,24,25,28–30�. Briefly, the ionization degree of a mono-
meric group �e.g., carboxylic acid monomer, or amino acid
residue� is given by


 =
1

1 + 10z�pH−pK�ezy , �7�

where pK is the intrinsic pK value, a thermodynamic num-
ber dependent on the proton adsorption energy. pK values
are tabulated and must not be confused with apparent pK
values which are a measure of the ionization degree 
. pH is
defined in the protein- and brush-free reservoir where we set
y=0; z describes whether the ionizable group is cationic �z
=1� or anionic �z=−1�. For the brush, Zjcj in Eqs. �4� and �6�
can be replaced by 
	b /vm with 	b the brush volume frac-
tion and vm the volume of a monomer. For the ionizable
monomers of the brush �each of which carries one ionizable
group�, the related electrostatic plus chemical contribution to
the potential � is not zy �which it would be for a monomer of
a fixed charge�, but is

�el+chem = ln�1 − 
� . �8�

For the protein it is possible to consider each of the six
types of ionizable residues individually �glutamic acid, as-
partic acid, and tyrosine are anionic; arginine, histidine, and
lysine are cationic� as, for instance, done in Ref. �25�. How-
ever, following Ref. �5� we use a simplified approach here by
considering a fixed positive charge qf and a single type of
ionizable anionic, q−, and cationic q+, monomer, which re-
sults for the total protein charge Zp in

Zp = qf − q−
− + q+
+. �9�

The ionization degrees 
− and 
+ follow from Eq. �7�
with z+=1 and z−=−1. For BSA and a pH not too far from
the isoelectric point pI, this simplification remains very close
to a full model based on all amino acid residues �5�. The
contribution �el+chem to the potential of the entire protein
molecule is, in a mean-field theory, then given by �5�

�el+chem = qfy + �
i

qi ln�1 − 
i� , �10�

with the summation running over the two types of ionizable
groups. Interestingly, Eq. �10� predicts a maximum in
�el+chem as a function of the local electrostatic potential y at
the point where the molecule becomes uncharged. Indeed,

differentiating Eq. �10� with respect to y results in

��el+chem

�y
= qf + �

i

qizi
1

1 + 10zi�pH−pKi�eziy
= Zp, �11�

a result to which we will return further on.

D. Ideal entropy term

For the protein molecules �and the small ions� we include
an ideal entropy term �per particle� of

�ideal = ln 	i, �12�

but leave out this term for the brush polyions, just as in
traditional mean-field brush models that are based on the
Flory-Huggins approach.

E. Hard-sphere, excess, or volume contribution to the
chemical potential

To describe the excess contribution to the potential, we
assume from this point onward that all entities are spherical;
thus, their volume vi relates to their size �i according to vi
=� /6�i

3. This is straightforward for ions and the �assumed
spherical� globular protein molecules, but what about the
polyelectrolyte chains of the brush? Our suggestion is to re-
place in the description of the excess function the linear
chain by a certain number of spherical “beads.” We then
have two degrees of freedom: the size of these beads and the
number of them per chain. To obtain values for these two
parameters, we will use the following two constraints. The
first constraint is to assume that the volume of the equivalent
“string of beads” is the same as that of the original, cylindri-
cal, chain. Second, we will assume that the beads are just
touching each other. These two constraints result in a diam-
eter of the spherical, hypothetical, beads, �bead, of 	3/2
�1.225 times the original chain cylinder diameter �cyl.

To describe the excess function in a multicomponent mix-
ture of spheres of different sizes, we use the BMCSL excess
function �18,19�, according to which the chemical potential
of component i is given by �26,31�

�i
ex = − �1 +

2�2
3�i

3

	3 −
3�2

2�i
2

	2 �ln�1 − 	�

+
3�2�i + 3�1�i

2 + �0�i
3

1 − 	
+

3�2�i
2

�1 − 	�2� �2

	
+ �1�i�

− �2
3�i

3	2 − 5	 + 2

	2�1 − 	�3 , �13�

where the �
’s are given by

�
 =
�

6 �
i

	i

vi
�i


 �14�

and 	 is the total volume fraction of all particles. For mono-
disperse systems, the classical Carnahan-Starling expression
is retrieved �5,26,32,33�,

�i
CS =

	�8 − 9	 + 3	2�
�1 − 	�3 . �15�
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In case the monovalent small ions are assumed to be in-
finitely small, a quite drastic simplification is possible. In this
case we leave out the ions from the summations for �
 and
add to �ex of the different other species an “ion pressure”
contribution �5,24–27�

�i
ion pressure = 2vic��cosh y − 1� , �16�

while the chemical potential of the small ions only has a
correction due to the volume 	, excluded to it, resulting in
the “1−	” term in the Poisson equation �6�.

F. Hydrophobic interactions

A final contribution to the chemical potential is an attrac-
tion of nonelectrostatic origin—e.g., due to hydrophobic
forces. In line with van der Waals and Flory-Huggins theory,
we describe this contribution, for component i, by

�i
hydr = − vi �

j incl i

ij	 j , �17�

where  is defined positive when the i-j pair attracts. Note
that self-interactions are also considered here and therefore
interactions with the solvent are left out. When all  param-
eters are the same, Eq. �17� simplifies to

�i
hydr = − vi	 . �18�

G. Summary of contributions to the potential

In summary, the potential per protein molecule has the
following contributions: �i� the ideal contribution, ln	i of Eq.
�12�; �ii� the electrostatic plus chemical contribution of Eq.
�10�; �iii� an excess term given by Eq. �13�; and �iv� a hy-
drophobic contribution using Eq. �17�.

For the brush, the different contributions to the potential
�defined per nm of chain length� are �i� the stretching term of
Eq. �2� �with k in nm�; �ii� the electrical plus chemical con-
tribution of Eq. �8�, multiplied by �, the number of mono-
mers per nm chain; �iii� an excess term given per bead by
Eq. �13�, which must therefore be divided by �bead to obtain
the contribution per nm chain length; and �iv� a hydrophobic
contribution due to Eq. �17�.

When ion volume is neglected, we use Eq. �6� instead of
Eq. �4�, leave the ions out of the summation for �
, and add
to the potential of brush segments and protein an ion pres-
sure term, given by Eq. �16�.

H. Comparison of BMCSL with Flory-Huggins theory

In the absence of other species, the excess, or volume,
potential of a brush segment is given by Eq. �15�, which can
be expanded in

�i
ex =

1

�bead
�8	 + 15	2 + ¯ � , �19�

to which we can add a hydrophobic contribution according to
Eq. �18�, after which we have two adjustable parameters, the
second and third virial coefficients, in complete similarity to
the usual approach based on expansion of the logarithmic

term in Flory-Huggins theory. For such a one-component
brush the present approach clearly does not make a differ-
ence; it is only when we start considering adsorption in the
brush of �globular� species of sizes quite different from the
typical brush segment that the use of Eqs. �13� and �14�
becomes useful.

I. Mass conservation

Conservation of brush segment volume results in

�

4
�cyl

2 L�*R2 = 

R

D

	br2dr , �20�

where �* is the grafting density and 4��*R2 the total number
of chains on each spherical carrier particle. The right-hand
side integrates the polyion volume over the brush coordinate.

III. RESULTS AND DISCUSSION

A. Boundary conditions

To solve Poisson’s equation, Eq. �4� or Eq. �6�, we assume
that the carrier particle is uncharged, and thus dy /dr=0 at
r=R, while at the edge of the brush, r=D, both the potential
y and its derivative dy /dr are continuous. Outside the brush
the potential goes to zero in a few Debye lengths, described
by Eq. �4� or Eq. �6� with the concentration of brush seg-
ments set to zero. At the brush edge, the brush density be-
comes zero �	=0�.

Instead of Poisson’s equation, we also solved the brush
model while assuming local charge electroneutrality—that is,
by setting the left-hand side of Eq. �4� or Eq. �6� to zero
�namely, in Fig. 4 and one curve in Fig. 6�. For the larger
part of the brush this simplication makes no difference; in-
deed, the brush is charge neutral there. Correspondingly, the
predicted adsorbed amount of protein is the same in both
methods. The only, quite interesting, difference is in the
brush profile at the edge of the brush; see Fig. 1 for a poly-
acrylic acid brush in the absence of protein �pH 10, 10 mM
salt�. Here, the curve “EN” is based on assuming local
charge neutrality at each distance x from the surface, whereas
“Poisson” denotes a calculation based on the full Poisson
equation. In the first case, the brush density gradually goes
down to zero, as expected. However, using the full Poisson
equation, we observe that the predicted density profile
sharply drops at the very tip of the brush. We find that this
sharp drop becomes the more important the more higher-
order corrections to the parabolic profile for the conforma-
tional term are implemented in Eq. �2�. We believe this phe-
nomenon is due to charge separation at the edge of the brush:
here local charge neutrality is not required because the dif-
fuse layer outside the brush is so close by and the system can
gain conformational energy by retracting the free chain ends
in that region slightly, without a concomitant electrostatic
energy penalty. The higher the number of terms that are in-
troduced in Eq. �2�, and so the more the brush deviates from
classical Gaussian behavior, the more energy is released
upon a slight retraction of the final part of the brush.
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B. Parameter settings

For the globular BSA molecule we use qf =73 for the
number of positive fixed charges and q−=100 and q+=16 for
the number of anionic and cationic ionizable groups �5�. For
the former, we use pK−=4.2 �aspartic acid, glutamic acid�
and pK+=6.9 �histidine� for the latter, which results in an
isoelectric point pI of 5.1, in agreement with experiment. We
use a volume of vp=100 nm3, thus a size �for the equivalent
sphere� of �p=5.76 nm. In all cases the protein concentration
in solution is 2 mg/ml, corresponding to 	�=0.18 vol. %.

For the polyacrylic acid brush �anionic, z=−1� we assume
pK=4.2 �just as for aspartic and glutamic acid� and use a
Kuhn length k of 1 nm, thus 4 times that of the carboxylic
monomeric unit of a=1/�=0.25 nm �5�. The chain has a
contour length of L=50 nm and a cylindrical diameter of
�cyl=0.5 nm; the chemical potential is calculated per seg-
ment which is defined as a 1-nm stretch of chain, thus of
volume vb=0.196 nm3 �monomer volume vm=0.049 nm3�.
The bead size and volume, to be used in Eqs. �13� and �14�,
are given by �bead=0.612 nm and vbead=0.12 nm3. The car-
rier particle on which the chains are grafted has a radius of
R=50 nm, a mass density of 1.06 gr/ml, and thus a mass of
0.56 fg. The grafting density is �*=0.1 nm−2.

C. Non-Gaussian chains

We compare the strong-stretching brush model with the
spherical box model �5� in Fig. 2 for an assumed parabolic
dependence of the conformational contribution to the poten-
tial, �conf, as function of distance x from the grafting surface
�SS2�, as well as with higher-order terms incorporated, de-
noted by SS4, SS10, and SS40, the number corresponding to
the maximum power considered in the series of Eq. �2�.

In this case, using the classical parabolic profile for �conf

�SS2�, we find a brush thickness almost twice the contour
length of L=50 nm, and higher-order corrections are re-

quired to bring x /L to below unity. Unfortunately, the con-
vergence of Eq. �2� is quite slow and we need a large number
of such terms �in this case up to SS30 at least�. Comparing
with the box model we see a quite different brush density
profile with, as expected, a more gradual decline of brush
density predicted in case of the strong-stretching approach.

D. Electrostatic barrier to protein transfer across outer edge
of a polyelectrolyte brush

Protein adsorption in a brush that is of opposite charge
sign is not difficult to understand. However, the possibility
that protein adsorbs in a brush of a like charge sign is more
counterintuitive, certainly when nonelectrostatic attractions
are neglected. Indeed, for a particle that has a fixed charge
this is impossible �in the 1D mean-field model of this paper�,
but for protein molecules near their isoelectric point it is well
possible that the charge of the molecule is reversed upon
entry into the brush. The question is, does this lead to an
attractive term?

In Fig. 3 we plot the electrochemical potential change
when a particle moves from the solution phase where the
electrostatic potential y is zero into a polyanion brush where
y�0. For a particle of a fixed charge Z, ��el is given by Zy
and with both y�0 and Z�0 the particle feels an increasing
repelling force closer to, and deeper in, a negatively charged
brush �dashed line�.

For an amphoteric particle, however, the situation is dif-
ferent. Based on Eqs. �9� and �10� we plot ��el+chem as a
function of y and pH for the protein BSA. In the right-hand
part of the graph we see that when BSA moves toward the
brush, with y gradually decreasing, ��el+chem initially in-
creases, representing a barrier to protein transfer. However,

FIG. 1. Density profile of non-Gaussian polyacrylic acid brush
using local charge neutrality �“EN”� or the full Poisson equation
�SS40, pH=10, c�=10 mM�.

FIG. 2. Spherical polyelectrolyte brush. Brush density in vol. %
as function of distance from the grafting core particle, x �pH=10,
n�=10 mM�. The dashed line is box model of Ref. �5�, and solid
lines are based on the strong-stretching approximation. “SS2” is
based on a purely parabolic profile for the stretching contribution to
the chemical potential; SS4, SS10, and SS40 denote higher-order
corrections.
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going further to the left and arriving below a critical y value
�which corresponds to the molecule being exactly uncharged;
see Eq. �11��, ��el+chem starts to decrease again with the
molecule now positively charged. Beyond that point �below
that y value in the brush� the protein molecule experiences a
driving force towards more negative regions �deeper into a
poyanion brush�. For each pH value there is a �second� criti-
cal value for the electrostatic potential in the brush, y*, below
which ��el+chem becomes negative, and a net driving force
develops for protein to transfer from the solution phase into
the brush. With increasing pH, y* decreases, and it becomes
progressively more difficult to realize a negative value for
��el+chem. Thus, only when pH is not too far above pI is y*

still small and is it possible for protein to be adsorbed into
the brush �which requires ��el+chem�0�.

E. Effect of ion volume

Before going into the effect of pH and ionic strength on
the adsorption profiles, let us briefly compare theoretical pre-
dictions using a zero ion volume �“0 Å” in Fig. 4� and a
value for the ion size of 6 Å, which is typical for an ion
together with its hydration shell. It is well accepted that for
monovalent salt at a not too high ionic strength the diffuse
layer of ions next to a charged interface can be accurately
described using the Poisson-Boltzmann equation, which as-
sumes that the ions are point charges �thus, of zero volume�.
Indeed, making such a calculation for c�=10 mM, we find
that even at a quite high surface charge of 50 mC/m2 �0.3
charges per nm2� the deviation is negligible ��2%, with the
surface potential �100 mV�.

Interestingly, for the same ionic strength, we see in Fig. 4
that in a brush with coadsorbed protein molecules, the size of

FIG. 3. Electrochemical potential of the amphoteric protein mol-
ecule as a function of electrostatic potential y and pH �solid lines�.
For a particle of a fixed negative charge, � monotonically increases
with decreasing y �dashed line�.

FIG. 4. Influence of �hydrated� ion size �in Å� on protein and
brush density profiles �c�=10 mM, pH 5.4, pI 5.1, =0�. x is the
distance from the core particle, and 	 is the volume fraction of
protein and brush segments.

FIG. 5. Protein adsorption in a spherical polyanion brush as function of ionic strength and pH. Conditions of Fig. 4.
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the ions can make a significant difference to the density pro-
files, especially of the coadsorbed protein, the concentration
of which increases upon an increase in the size of the ions.
This is due to the fact that with increasing ion size, its incor-
poration in the brush becomes more “expensive” and charge
compensation of the polyion chains using the protein mol-
ecules instead of the small counterions becomes slightly
more favorable, leading to an enhanced protein adsorption.

F. Protein adsorption in a polyelectrolyte brush

In Fig. 5 we present density profiles of adsorbed protein
as function of pH and ionic strength �the brush profile is
rather invariant over the parameter range, and thus only one
curve is shown; ion size 0 Å, =0�. Significant protein ad-
sorption is predicted at pH� pI �at pH 5.3 up to 18 vol. %�,
though the protein molecules in solution have the same
charge sign as the polyanion brush. At low pH �but �pI� the
protein density profile 	p�x� in the brush is quite flat, with a
steep decrease of 	p near the edge of the brush where y is
most unfavorable �corresponding to the maximum in �el+chem

of Fig. 3�. Outside the brush, 	p slowly increases again,
toward the bulk value.

Indeed, just outside the brush, in all cases the protein
concentration is lower than the bulk value; thus, the nonad-
sorbed molecules are effectively repelled from the brush. In-
terestingly, it is due to this repulsion that a stable, bidisperse,
colloidal dispersion can be obtained consisting of the
�protein-filled� spherical brush particles, and the nonad-
sorbed protein, as is experimentally observed �1,4�. This is
not possible for a pH below pI, in which case protein is
positively charged and the mixture coagulates.

Going from pH 5.3 to higher pH values, we find that the
density profile of protein in the brush becomes more non-
monotonic, with 	p deep in the brush �near x=0� becoming
much lower than its value halfway in the brush �for pH 5.5
	p�x=0�=2.1 vol. % vs 	p�x=21 nm�=5 vol. %� because
volume interactions of protein molecules with the brush seg-
ments come into play �with 	brush being highest at x=0�. The
protein concentration near the edge of the brush decreases
further, even to values as low as 0.5% of the bulk value �at
pH 5.5�. At even higher pH we can no longer speak of ad-
sorption of protein: the concentration of protein near and in
the brush is below the bulk value.

When we go to more unfavorable conditions for protein
adsorption either by increasing pH or by increasing the ionic
strength, we see interesting differences in how the height of
the energy barrier to protein transfer at the edge of the brush
develops �note that a lower protein concentration corre-
sponds to a higher-energy barrier�. Comparing, for instance,
the curve for pH 5.6 in Fig. 5�a�, with the curve for 20 mM
ionic strength in Fig. 5�b�, we see for a pH increase a much
sharper and deeper minimum in protein concentration devel-
oping at the edge of the brush, corresponding to a higher
“barrier” to protein transfer across this region. Interestingly,
this behavior corresponds to an observed difference in the
reversibility of protein adsorption and desorption as function
of pH and ionic strength �39�—namely, that after protein
adsorption, upon an increase of ionic strength protein is quite

readily released �1,2�, but much less so upon an increase of
pH.

Finally, Fig. 6 shows the protein adsorbed amount � �in
mg per g of carrier particle� as a function of pH, ionic
strength, attraction strength, , and ion size. When we in-
clude a nonelectrostatic attraction it is by using Eq. �18� in
which brush-brush, protein-protein, and protein-brush inter-
actions are described alike, using the same  value. Like in
the box model calculation of Ref. �5� we find that the ad-
sorbed amount increases rapidly in a quite small pH or ionic
strength window. The transition from low to high adsorbed
amount, �, is slightly accelerated when we add ion size ef-
fects, and quite significantly so when we include a nonelec-
trostatic attraction term. Clearly, the protein adsorption
isotherms of Refs. �1,2� cannot yet be quantitatively repro-
duced.

IV. CONCLUSIONS

To describe the adsorption of globular protein in a poly-
mer structure, we have used the Boublik-Mansoori-
Carnahan-Starling-Leland excess function for multicompo-
nent mixtures of spheres. We describe the polymer chain as a
string of touching beads and use the strong-stretching ap-
proach of the self-consistent-field equation to describe the
conformational contribution to the potential, including
higher-order corrections to the parabolic profile.

Results are presented for the adsorption of ionizable
globular protein into a spherical polyelectrolyte brush. In line
with earlier box model calculations we again find that protein
adsorption in a polyelectrolyte brush of the same charge sign
is indeed possible as long as pH is still close to the isoelec-
tric point and the ionic strength is sufficiently low, due to the
fact that the protein molecule is amphoteric—that is, is able
to reverse its charge upon entering the brush. A minimum in
protein concentration is predicted at the edge of the brush,

FIG. 6. Adsorbed amount of protein in a spherical brush par-
ticle, as function of pH, ionic strength, attraction parameter , and
ion size �0 Å, except for the curve “+ion volume”�.
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possibly representing a kind of “barrier” for protein to desorb
from the brush.
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APPENDIX: FREE ENERGY ANALYSIS

In this appendix we analyze the free energy particle
change upon protein adsorption in a polyelectrolyte brush.
We base the calculation on the conditions of Fig. 4 for a zero
ion size �pH 5.4, c�=10 mM, =0�. For this case, 2232
protein molecules adsorb in the brush, and with a total of
3142 brush chains, we thus have 0.71 adsorbed protein mol-
ecules per chain. We use the same brush density profile 	b�x�
and brush height H for both an empty and a protein-filled
brush. Thus, we neglect the fact that the brush density profile
changes �slightly� when protein adsorbs. Furthermore, we
assume local electroneutrality at each location x in the brush
and, therefore, can neglect the electric field energy
�25,36–38�. What remains in the free energy balance is en-
tropy, excess �volume� contributions, and chemical terms,
related to proton binding to the chareged polymer groups.

The grand-canonical free energy per carrier particle is ob-
tained from a volume integration over the system �brush� of
the grand-canonical free energy density, �. This term com-
bines the free energy density f with the adsorption of ions
and protein molecules from the �infinitely large� reservoir

� = f − �
i

ci�i,�, �A1�

where ci is the local concentration of either ions or protein
molecules in the brush and �i,� their potential in the reser-
voir. We incorporate the ideal, entropic, part of � directly in
f �see Eq. �A3��. The free energy density f has the following
five contributions:

f = fprotein entropy + fex + f ion entropy + fchem protein + fchem brush.

�A2�

First of all, the ideal, entropy, terms, for both protein and
the two types of ions, is given by

fentropy = �
i
�ci ln

ci

ci,�
− ci + ci,�� . �A3�

For the volumeless ions, Eq. �A3� can be simplified by
inserting ci=ci,��1−	�e−ziy.

The excess term is given by �34�

fex =
6

�
�− �0 ln�1 − 	� + 3

�1�2

1 − 	

+ �2
3	 + �1 − 	�2 ln�1 − 	�

	2�1 − 	�2 � , �A4�

with 	 the total volume of protein and chains and where we

must include the small ions in the local number density, �0.
The chemical contributions for the ionizable monomers

are given by �24,35�

fchem protein = cpq−�ln�1 − 
−� + 
−y� + q+�ln�1 − 
+� − 
+y�� ,

�A5�

fchem brush = cmln�1 − 
� + 
y� , �A6�

with cp and cm the number concentration of protein mol-
ecules and brush monomers, respectively; q+ and q− are the
numbers of anionic and cationic amino acids per protein
molecule.

The chemical contribution can be derived as follows.
When a certain number of protons has desorbed from an
anionic material the chemical energy released �per site� is
given by �Ref. �35�, p. 439�

fC = 
 ln 
 + �1 − 
�ln�1 − 
� + 
��des + 
 ln cH,�,

�A7�

where 
 is the ionization degree �fraction of sites from which
a proton has desorbed�, ��des the �standard-state� proton de-
sorption energy, and cH,� the proton concentration in the res-
ervoir. ��des relates to the intrinsic pK of the material ac-
cording to ��des=ln 10· pK while ln cH,�
=−ln 10· pH. Together with Eq. �7� �z=−1�, we can rewrite
Eq. �A7� to obtain �24�

fC = ln�1 − 
� − z
y . �A8�

Multiplying by the local monomer concentration results in
Eq. �A6�. Equation �A5� is slightly more complicated be-
cause we sum over both cationic �z=1� and anionic amino
acid residues.

The potential of the protein molecule in solution, �p,�,
has an ideal contribution given by Eq. �12� �which is already
included in Eq. �A3�� and contributions from Eqs. �10�, �15�,
and �16�. These three contributions must be redistributed into
an excess term

�p,�
ex =

	�8 − 9	 + 3	2�
�1 − 	�3 + 2c�vp�cosh y − 1� , �A9�

an ion entropy term

�p,�
ion entropy = Z�y�, �A10�

and a chemical term

�p,�
chem protein = q−�ln�1 − 
−,�� + 
−,�y��

+ q+�ln�1 − 
+,�� − 
+,�y�� , �A11�

where Z� is the total protein charge, given by Eq. �9�. These
three �p,� terms are each multiplied by cp and subtracted
from the corresponding four terms in f to obtain � which can
be integrated over the total brush volume to obtain the grand-
canonical free energy per carrier particle.

The total free energy change upon protein adsorption is
calculated as �Ftot=−4.4 kT per chain, which is negative �as
it should be for a spontaneous process�. But how does �Ftot

break down in the different contributions? Let us first discuss
the positive contributions—i.e., those that must be overcome
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by other forces. First of all there is the ideal entropy of
the protein molecules themselves, which is �Fprotein entropy

= +2.2 kT. Next, we have volume interactions between the
adsorbed protein molecules and the brush chains, amounting
to �Fex= +20.3 kT. The largest contribution, however, is the
cost of charge reversing the protein molecules, which
amounts to �Fchem protein= +57.4 kT per chain �+84.4 kT per
protein molecule�. The total sums up to +84.3 kT per chain.

The two driving forces, which together must generate an
84.3 kT energy release, are ion entropy and the chemical

contribution for the brush. Ion entropy �“ion release”� turns
out to be the largest contributor, �Fion entropy=−59.9 kT.
However, the increase in brush ionization is not to be ne-
glected, �Fchem brush=−24.4 kT, and thus constitutes 30% of
the total driving force.

In conclusion, ion release �in a one-dimensional model
only possible after the protein molecule has charge reversed�
and an increase in ionization of the brush segments are the
two driving forces for protein adsorption in a like-charged
polyelectrolyte brush.
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